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Abstract. We prove lower bounds on the localization length of eigenfunctions in the three- 
dimensional Anderson model at weak disorders. Our results are similar to those obtained by 
Schlag, Shubin and Wolff, 8 , for dimensions one and two. We prove that with probability 
one, most eigenfunctions have localization lengths bounded from below by 0{ i ); where 
A is the disorder strength. This is achieved by time-dependent methods which generalize 
those developed by Erdos and Yau 3 to the lattice and non-Gaussian case. In addition, we 
show that the macroscopic limit of the corresponding lattice random Schrodinger dynamics 
is governed by a linear Boltzmann equation. 

1. Introduction 

The Anderson model in dimension d is defined by the discrete random Schrodinger 
operator 

acting on ^^(Z*^), where A is a small coupling constant, accounting for the strength of the 
disorder. 

(A^)(x) :=2#(x)- Yl ^(y) 

\x-y\=l 

is the nearest neighbor lattice Laplacian, and u!{x) shall, for x G Z"', be bounded, i.i.d. 
random variables. In the present paper, we study the case d = 3, and prove that with 
probability one, most eigenfunctions of if^ have localization lengths bounded from below by 
0{-^^). In contrast to d = 1, 2, we note that there are no restrictions on the energy range 

for the validity of this result. Furthermore, we derive the macroscopic limit of the quantum 
dynamics in this system, and prove that it is governed by the linear Boltzmann equations. 

The present paper is closely related to work of L. Erdos and H.-T. Yau, [3J, in which the 
weak coupling and hydrodynamic limit has been derived for a random Schrodinger equation 
in the continuum M'^, d = 2,3, for a Gaussian random potential. For macroscopic time and 
space variables (T,X), microscopic variables {t,x), and the scaling {X,T) = X^{x,t), where 
A is the coupling constant in the continuum analogue of if^, these authors established in the 
limit A that the macroscopic dynamics is governed by a linear Boltzmann equation, and 
thus ballistic, globally in T > 0. We note that the corresponding local in T > result was 
first proved by H. Spohn p. For a time scale larger than 0(A~^), L. Erdos, M. Salmhofer 
and H.-T. Yau have very recently succeeded in establishing that the macroscopic dynamics 
in (i = 3 is determined by a diffusion equation, 
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The problem addressed in the present paper is, on the other hand, closely related to 
recent work of W. Schlag, C. Shubin and T. Wolff, [HI. Based on techniques of harmonic 
analysis, it was established in jH] for the Anderson model at small disorders in o? = 1, 2 
that with probability one, most eigenstates are in frequency space concentrated on shells of 
thickness < in = 1, and < A^^"^ in d = 2. The eigenenergies are required to be bounded 
away from the edges of the spectrum of — |A^d, and in d = 2, also away from its center. By 
the uncertainty principle, this implies lower bounds of order 0(A~^) in d = 1, and 0(A~^+'^) 
in ci = 2, on the localization lengths in position space. Closely related to their work are the 
papers |3l IH] by J. Magnen, G. Poirot, V. Rivasseau, and (7j by G. Poirot, which address 
properties of the Greens functions associated to H^. 

The proof the main results in the present paper uses an extension of the time- dependent 
techniques of L. Erdos and H.-T. Yau in to the lattice, and to non-Gaussian random 
potentials. Higher correlations, which are now abundant, are shown to have an insignificant 
effect, hence the character of our results does not differ from that obtained in the Gaussian 
case. Furthermore, bounds on the amplitudes of certain Feynman diagrams of "crossing" 
structure are much harder to obtain in the lattice than in the continuum model, due to the 
significantly more complicated geometry of energy level surfaces. We have adapted part of 
our notation and nomenclature to [3], in order to facilitate the referencing of results. 

The link between the lower bounds on the localization lengths of eigenfunctions, and 
the Schrodinger dynamics generated by is a joint result with L. Erdos and H.-T. Yau 
included in this paper. The author is deeply grateful to them for their support and generosity. 



2. Definition of the model and statement of the main theorem 
We consider the discrete random Schrodinger operator 

(1) H^ = -^A + XV^ 
acting on ip & £^(Z^). The impurity potential is given by 

(2) K.(x) = 5^u;,5(x-2/), 

where Uy are bounded, independent, identically distributed random variables, of mean 0, and 
normalized variance. For each x G Z'^, uj^ is a random variable on a single site probability 
space {J,F,fi), where J is a Borel subset of M with \ J\ := sup^^^,^j \u! — u'\ < oo, F is the 
cr-algebra of Borel subsets of J, and is a probability measure on F. is a random field 
over realized on the probability space {fl, J-', P), with Q = x^s J, where J-' is the cr-algebra 
generated by the cylinder sets induced by F, and the probability measure P is given by x^a/x. 
For simphcity, we assume /i to be even, = for all I & F. Then, E[ci;^™"'"^] = 

Va; e Z^, Vm > 0. This reduces some of the notation in our analysis, but for our methods 
to apply, only K[u!x] = is necessary. Clearly, IE[u;^'"] < | Jp™' for all m, but we shall here 
use the moment bounds 

(3) E[cj^m] < (2m)! cv , C2 = 1 , Vx G Z^ Vm > 1 , 
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for a constant cy < oo which is independent of m and \ J\. This allows for a generalization of 
our results to cases of unbounded random variables, which we expect to be straightforward. 
We shall here not further discuss the latter issue. 
We use the convention 



(4) m = :F-\g){x)= [ dk g{k)e'^''-' 
for the Fourier transform and its inverse. Then, 

3 3 

(5) eA{k) := ~ cos(27rA;i)) = 2 ^ sin2(7r^i) 

i=l i=l 

is the expression for the kinetic energy in frequency space. 

Let L > A-^ and Al := [-L, Lf n Z^. For m e No and £ e M with m < £ < L, let 

if < m < ^ 
he{m) := <{ 2 - if ^ < m < [£} 



otherwise 
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(6) Rx,sAy) Ke{x - y) - Kse{x - y) . 

We remark that is a product of differences of Fejer kernels, and that for x G and 
S > 0, Rx.sAv) 2in approximate characteristic function supported on a cubical shell of side 
length 2£ centered at x, and thickness (1 — d)i. 

The author thanks H.-T. Yau and L. Erdos for the following observation, which is the 
key to linking the localization length of eigenvectors to the dynamics generated by H^^. For 
a fixed realization of the random potential, let {"^o"^} denote an orthonormal basis in £'^(Al) 
of eigenfunctions of H^^ restricted to A^, 

{H^-ef^)i)f^ = OonAi and 

(7) Vi^) = Oon9Ai:=Ai+i\Ai, 
for 

aeSlL {!,..., |Al|} 

(8) e(f) e R. 

For e small, let 

(9) {« I E ||^.,M^i^1L.(A,) < ^ } C 21^ . 



Then, ^„alu) contains the class of exponentially localized eigenstates concentrated 

in balls of radius O(j^) or smaller, where we emphasize that 6 is independent of i. The 
additional factor log£ in the denominator compensates a volume factor 0(£'^/^), which arises 
due to the fact that \tlj^\x)\ appears only linearly, and not quadratically in the sum. Our 
main result is the following theorem. 

Theorem 2.1. Assume L > A"^ and that {^pi^^} is an orthonormal H^-eigenbasis in 



^(Ai), satisfying with a G 21/,, and e 



(L) 



Then, for A is < 5 < 1 and es '■= 6^ , 



E 



(^) 



21/ 



> 1 - C6^ - CX-'^L-^ 



for finite constants C that are uniform in L,6,\. Furthermore, 



P 



lim inf 

L^oo 



121, 



> 1 - CS-4 



for A > sufficiently small, and a finite constant C that is uniform in A and 5. 

We note that in contrast to the results for dimension d = 1,2 established in |H], there 
is no restriction in dimension 3 on the range of values of eL^'' . Furthermore, we emphasize 
that the correction to the lower bound of order 0(A~^) on the localization length is only 
logarithmic, while the bound obtained in for c? = 2 is of order 0{X~'^~^'^), for any arbitrary 
e>0. 



3. Proof of the main theorem 

Key to Theorem 12.11 is the following lemma, which establishes a link between the 
localization length of eigenvectors of H^^ and the dynamics generated by H^. 

Lemma 3.1. (Joint with L. Erdds and H.-T. Yau) Let {ip^a^} denote an orthonormal basis 
^(A^,), consisting of eigenvectors of satisfying (^, and assume that 1 -C £ <^ L. 



Suppose that there exists t > 0, such that for all x G Z , 



(10) 



E 



5x\ 



> 1 



is satisfied for some e = e{5,£,t) > Q. Then, 



E 



|2ti \ 21^"^ 



121, 



> 1 - 2^5 _ CIL- 



for a constant C which is independent of i,L,e 
Proof We have 



a 



4 



so that in particular, 



(11) 



II^^'II£2(Al) 



a\2 



By the Schwarz inequahty, we get 



2 1 

< (1 + -; 



ae2t 



(^) 



(12) 



+ (1 + 77) i?.A^e-**^" E 



For the first term on the r.h.s., we find 



2 

^2{Az,) 
2 



■L,s,S,t 



(13) 



x,Sl 



'L,e.S,e 



^2{Ai,) 



(^) 



using the a priori bound 



iG2t' 



< 



(14) 



E 

E 



I,,c,<5,f 



2 

^2(A£) 



which follows from ||-Ra;,5,^||oo = I5 orthonormality of {'ipa'^}a£^L ^^(^l); S'^d ( ITT|). 
the second term on the r.h.s. of f IT^. we likewise find 



< 



^2(Ai) 



E 



E 



,o|2 



2 

^2{Ai,) 



(15) 



Averaging over x G A^,, we have 



|A 



(16) 



< (l + r^)-^|2ia2lilv| 
|Al| 



<?2(Ai) 



Let 
(17) 



S2i,L-={x\ inf |x-?/|<2£} 



and Ai := Al \ S'2^,l, such that R^^^s/ n9AL = 0VxGAL- Then, 

o E 



^-itH^X ||2 



(1^ 



<?2(Ai) 
itH,.,ir 11 2 



l^^l ..A, 



by compactness of the support of Rx,5,e- By definition of 2t^^_5^, the last term in ( ITH|) is 
bounded by (1 + -)e. Thus, recaUing that \Al\ = 



(19) 



- l+r^lA^I ^ II 



l + r] 



Taking expectations, using f [TUj). and choosing r] = , the claim follows. 
Lemma 3.2. Under the same assumptions as in Lemma VJ.lV 



□ 



(20) 



P 



|2ti \ 21^"^ 
lim inf ; — 



L,£,5,l\ 



> 1 - 2£2 



Proof. We consider the family of translation operators : oJy ^ ^x+y, for x G Z^, which 
acts ergodically on the probability space (f2,jF, P), |jy. 
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Let Ur^ denote the unitary translation operator {Ur^(j)){y) = (j){x + y) on £^(Z^). Then, 



clearly, 
(21) 

with Vr^^{y) = V^{x + y), and 



j^~7 ^ ||-Ra:,<5/e 



xeAr 



2 



122) 



by unitarity of f/^^. By the Birkhoff-Khinchin ergodic theorem, applied to the random 



variable X(co') := ||-Ro,<5,^e ^''^"^ol 
(23) 

1 



we obtain, for fixed A, 



liminf^ y ||i?o,5/e-^*^-^"<5, 



on£2(z3) 



E 



itH^X II 2 



with probability one. We note here that clearly, the left hand side of ( ITUj) is independent of 
X e Z^. Therefore, ( CUI) , ( CHI) and ( [21 imply 



P 



(24) P lim„.. , , 
L L^oo |21l| ~ l + ri 1 + r] 

and choosing rj = e^, the claim follows. □ 

From here on, we will write || ■ ||2 = || ■ ||^2(23). 

To conclude the proof of Theorem 12. 11 we use the key Lemma 1X51 below, which provides 
the lower bound 

(25) E [||i?.AA-2e-^*(''')^-5.|| J >'^-C5' 

for the choice t{5, A) = 5?A~^, A^ < 6 < 1, and a constant c that is independent of x, A and 

3 _____ ___^__ 

6. Thus, choosing e = ^7, ( immediately implies Theorem 12.11 
Lemma 3.3. Let 

(26) t{6,X)=6h-\ 

and Hq := — |A. Then, for A sufficiently small, < 5 < 1, and all x G ZP, the free evolution 
term satisfies 



(27) 

while 

(28) 



i?xAA-2e-^*(''^)^''5jL > 1 - 



E 



< +6 49 At 



for finite positive constants C,C' that are independent of x, A and S. 

Proof. We may assume that x = 0. Let 

(29) i2:=i , ii := 6i . 

We recall that {Ro,s/? = - 2Ki^ + K^. To bound \\Ki^e-'^"°6o\\2, we note that 



< C sup 

|p-fc|<7 



J3 



(30) 

owing to 
(31) 

where ||r| 

(32) 
we find 
(33) 
Hence, 



(34) 

Next, we consider 
(35) 

where a = 1,2, and 
(36) 



+2 / dk\K,,{k)\x{\p~k\>^) 

< C-it + c-i-^^:^^ , 



\k,,{k)\<c\{- 



+ \\k^ 



T3 



dkKe,{k) 



=dist(r, Z) for r G M, which are basic properties of the Fejer kernel. Thus, with 



2 5 



dp 



> 1-C52 



-iteA(p) 



(e-'*^°5o)(y) = / dke-'^''^^^^-^^^y^ 
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We observe that the kinetic energy ca : T [0, 6] is a real analytic Morse function with 
eight critical points in the corners of the subcube [0, \f C = [0, 1]^. Each of the remaining 
critical points in [0, 1]'^\ [0, is identified with one of the latter by symmetry. The Hessians 
are diagonal and have entries of modulus 47r^. 

We bound |( by a stationary phase estimate. For \y\ < Cii, ii = 6\^^ and 
t = 5"A~^, it is clear that 



(37) 



V{eA-27rt-'{y,-)){k*) = 

8 



implies 

|VeA(A;*)| < 06'-" . 

It follows that for each of the eight critical points of ca, there is precisely one k* satisfying 
( 13 7|) in its (5^~"-vicinity, given that 5^"" is sufficiently small. Correspondingly, Hess[eA](fc*) 
is in each of these cases non-degenerate, with eigenvalues of modulus 0(1). 

We introduce a smooth partition of unity J2't>j = ^ on [0, 1]^, j G {1, . . . , 8}, continued 
over the boundary by periodicity, in a manner that each snpp(f)j is centered at one critical 
point of ca- By the above, a stationary phase estimate yields 



sup dk (f)^{k)e-'^''^^^^-^''''y^ 



y€suppKe^ 

Consequently, 

(38) I ( ESD I < Cilr^ = C(5^(^-") , 

and optimizing the bounds, we find a = |. 

Our strategy to prove ( employs a modification of the methods of L. Erdos and 
H.-T. Yau from [3 . Thereby, we invoke a Duhamel expansion with remainder term, and 
control the expectation by classifying all contraction types occurring in the products of the 
random potential. The remainder term is bounded by exploiting the rarity of the event that 
a large number of collisions occurs in a small time interval. 

As a result, we obtain 



(39) E ||i?.,5,A-[e-^*''-e-'*^°](5,|l'' 



< CiXH + r 



for a constant Ci that is independent of x, A and 5. This implies f |28|) for the asserted choice 
of t. The proof of ( IHUj) will occupy sections El ~ [TUl □ 

4. Expectation of products of random potentials 

We shall to begin with consider the expectation of products of random potentials. The 
pair correlation is given by the Kronecker delta 

and we recall that by our assumptions on uo^-, the m-point correlation is zero for any odd m. 
The fourth order correlation yields 

(1 ^X\,Xz)^X\,X2^X^,XA ~l~ (1 ^X\,X2^^X\,X-i^X2,XA 

(40) ~l~(l ^X\,Xz)^X\,Xii^X2,X3 ~l~ ^A^X\,X2^XZ,Xi^X\,X3 

^Xi,X2^X2,,Xn ^Xi,X3^X2,X4 ~l~ ^Xi,X4^X2,X3 

(41) +(54 - 3)6,, 

,X2^X3,X46xi,Xs • 

The operation applied in passing from ( l^n|) to ( I^Tj) will be referred to as Wick ordering. 
By a renormalization of the fourth order moment of uj,, 

64 C4 := C4 — 3c2 
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(where C2 = 1), it decomposes (EO)) into independent terms. 

For the Fourier transformed random potentials i2}{k) := Ylx^^^^'^^^'"^ ^ obtains exact 
Dirac delta distributions for the Wick ordered expression ( I41|). 

E[u;{ki)u;{k2)u{h)u{k^)] 
= 5{ki + k2)5{k^ + ki) + 5{ki + k^)5{k2 + k^) 
+5{ki + ki)5{k2 + /cs) + C45(A;i + k2 + k^ + k^) . 

We note that this is not the case for the individual summands in i W^ prior to Wick ordering. 
The same statement applies to all higher order correlations. 

The Wick ordered product of an arbitrary even number of random potentials is deter- 
mined as follows. We introduce, for n, n' G N with n := ^ e M, the set 



V„,n' := |l, ... ,n,n + 2, ... ,n + n' + l| . 



In our later discussion, Vn,n' labels a linearly ordered set oin + n' random potentials that are, 

in frequency space, subdivided into a group of n' copies of Ki, and a group of n copies of 
(the complex conjugate). The label n + 1 excluded here is reserved for a distinguished point 
that is not attributed to a random potential. We note again that the case n + n' G 2No + 1 
is trivial since all odd moments of vanish. 

Definition 4.1. For n = ^ e N, let 

n 

n^x := U {{Sj}Y^,\\S,\ e 2N; V^y = U]LA; S, H S,> = if f} / &m 

m=l 

denote the set of partitions of into disjoint subsets Sj (referred to as blocks) of size 
\Sj\ e 2N, where &m. is the m-th symmetric group. Two partitions vr = {Sj}Y=i, t^' = 
{S'j}^!, are equivalent, vr = vr', if 3(T G &m such that Sj = S'^^j-^ for all j G {1, . . . , m}. A 
partition n G n„ „/ will also be referred to as a contraction (corresponding to contractions 
among random potentials). 

The number of vr G n„_„/ consisting of m blocks is given by 

:= U7=i Sj = Vn,n'; \Sj\ G 2N; S, n 5, = 0if z ^ jj/e^ 

n 

r=l l<ji,- - ,jr<fi l<h< --<lr<n 

(2n)! 1 



(42) X 



where j := (ji,...,>), |j| := ELiii^ and (j,/) := Y^l^^jih for every r. Here, ji is the 
number of blocks of size 2/j. The factor arises because the order is irrelevant, according 
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to which blocks of the same size are counted. We note that the number of partitions into 
products of pair correlators (that is, r = 1, j = n, I = 1) is 

Bn{n) = 1 ■3---(2n - 1) < 2"(n!) . 

On the other hand, it is clear that 

hence for non-pairing contractions, i.e. m < n, 

n-l 
m=l 

This trivial estimate will suffice for our purposes. 
For S C Vn,n', with G 2N, we define 

where xs '■= {xj)j<zs. Then, 

n m 



(43) X n 

l<j<j<m 

where for definiteness, := minjgg G Sj} (clearly, one could choose any arbitrary 

element of Si). Due to the second product, the factors in H '^is'jl'^s'j ^'^^ independent. We 
note that 

(44) '5(a^5j^(x5,)^x^„,x^(,) = S{xs,us,) , 

where of course, |S'j U S'j | = l^jl + l^jl. Therefore, expanding ^(1 — in (ESI), using 



recursively, and collecting all terms belonging to the same blocks, we find 

n m 

(45) e[ n K.(a:,)]=E E H ^l^.l^(^^.) ' 

ieV„„, m=l 3=1 

where the cumulant formula 

k k 

^2*: = EE E E '^'".lii'^fc.ai) 

m=l r=l l<ji,--- ,jr<fc l<h<-- </r<fc 

(-l)"-i(2fc)! c^^'-^Sl 



X 



((2/0!)^---((2/,)!)> (ji!) ■■•(>!) 
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determines the renormalized moments of u^- Thus, i I45j) decomposes the expectation value 
into the sum of all possible products of correlators, which are now mutually independent. 
We observe that by ( Ej) , 



^■ = 1 l<jl,- - Jr<fc ^ ' ^ ' l<h< -<lr<k 

k 



< {2k)\ 2k J2 

< k 



{ke^^y 



r=l 

k+1 (2^)! ke'^V 



k\ 

(46) < (2A;e^^^^)2^+^ 

Then, the expectation of the full product of random potentials decomposes into 

n m 

(47) E[nm)]=E E (n^i-.i)<E^O 

ieV„„, m=l ^en^,^, j=l ieSj 

in momentum space, where c\Sj\ are the renormalized moments of Ux- 



5. DuHAMEL Expansion 

Our aim is to prove the bound ( by classifying and estimating the integrals corre- 
sponding to all contractions occurring on the left hand side of ( I28|) . 

To this end, we invoke the Duhamel expansion of 0t = e~^^^^5x- For G N large, 
which remains to be determined, it is given by 



N 

(48) = ^0„,i(i/) + i?^,t(y). 



n=l 



Writing 

n n 

[ n ^■^j] ^■=dso--- dsn^C^ - t) 



j=0 * j=0 

12 



for brevity, the Fourier transform of the n-th Duhamel term is given by 



kAko) = [ \f[ds,] [ e 



n 



n 



27r 7k ""^^ 7(Tr3)n ^ J-jL e^{kj) - a - ie 



(49) X l[V^{ki - ki.,)dki 



1=1 



where we shall choose 

(50) e = 



1 



in all that follows, a is an energy parameter, and the multiplication operators -^(^^ 

are the Fourier transformed resolvents of — |A (which will also be referred to as particle 
propagators). The explicit formula for the remainder term RN,t can be found in ( I142j) 
below. 

We note that in this analysis, e = and A will be the small parameters of the theory, 
which will ultimately be related through e = CX^. 

Let EI_ := {z G C|lm(2;) < 0}. The integrand is analytic in a, and it is not hard to 
see that the path of the a-integration can, for any fixed n G N, be deformed away from M 
into the closed contour 

(51) / = /r U Jh_ 

with 

Ir ■■= [-1,7] 

Jh_ := ([-1,7]-0U(-1-«(0,1])U(7-2(0,1]) ce_ , 
which encloses spec{ — |A — ie^ = [0, 6] — ie. Consequently, 



k,tiko) = ^^''( ^^)" f dae-'^' [ dk^---dkne^^'^"-^ 

Jl J{T3)" 
n ^ n 



where the loop / is taken in the clockwise direction. 
Using the Schwarz inequality. 



iV 

(52) l.h.s. o/ ( ISni) < 2E [ll ^ 0„ 



N 

||2 

n=l 
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+ 2E 



I ^N,t 1 1 2 



For 1 < n,n' < N, and n := e N, we have 



-it{a-/3) 



X 



» n n 



1 



1 



(53) 



^ 2 ^ eA(%) -a-ie e^ik) - P + is 

n n' 



where / is the complex conjugate of /, and taken in the counterclockwise direction by the 
variable /3. 

Introducing new variables 



(54) 
(55) 
and 

(56) 

we can write 



V = (po, • • • ,Pn,Pn+l, • • • ,P2n+l) 
■— (^n') ■ ■ ■ ) ^0) ^0) • • • ) ^n) 



(a, 1) < j < n 

(/3, -1) n<j<2n+l, 



E[(0n',t,0n,t)] 



dadPe 



-it{a-l3) 



2ra+l 



X 



(27r)2 

/ dp 5{pn - Pn+l) n r~\ 



aj — lUjE 



(57) 



2n+l 



X E J] K,(pi-p^-i) 



-27ri(po-P2ri+l)-a; 



i=l 



noting that ^(A;) = V{-k). 

Let TT = {Sj}f^i e n„^„/ denote a partition. Let 



and 



ieSj 

m 

SAp):=1[SsM. 
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Then, the contribution to ( I^Tjl corresponding to vr is given by the singular integral 

2et\2n p r 

AmpM := dadl3e-''^^-^n dp 6{pn - Pn+i) 

m 

1=1 

2n+l ^ 

(58) X n —— — , 

J=o e^[Pj) -aj-ia^e 

referred to as the (Feynman) amplitude corresponding to vr. The expectation f l57|) is obtained 
from summing the amplitudes Amp[7r] over all partitions vr G T^n,n'- 

6. The graph representation of contractions 

To estimate the expectation ( EZ|), it is necessary to classify the singular integrals 
Amp[7r], whose size depends on the structure of vr. For this combinatorial problem, it is 
natural to represent vr, encoded in the delta distributions 5,^ in (EH)), by (Feynman) graphs. 
We shall use the following prescription, cf. Figure 1. We draw two parallel solid 'particle 
lines', joined together at one end, accounting for 5{pn —pn+i), containing n, respectively n' 
vertices, where n+n' G 2N. Every pairing contraction is depicted by a dashed line joining the 
respective vertices. The higher correlation contractions corresponding to 5s are represented 
by \Sj\ G 2N dashed lines connecting the corresponding vertices to one mutual vertex that 
is disjoint from the particle lines. Any (solid) edge that lies on a particle line refers to a 
particle propagator. 

Let Gt, denote the graph associated to a partition vr = G Yln,n'- The set of 

vertices of the graph Gj, is denoted by l^(G^), and the set of edges as E{G.„). V{Gt,) is the 
union V^(G^) = V^(G^) U V/ic(G^), where Vp{G.„) = Vn,n' is the n + n'-subset of vertices on the 
particle line, and Vftc(G^) is the subset of vertices disjoint from the particle lines, which are 
associated to correlations of higher order than two. In the product of Kronecker deltas ( 
in the position space picture, the elements of lp(G7r) correspond to the sites Xi of random 
potentials, while the elements of V/ic(G'^) correspond to the dummy summation variables yj. 

Definition 6.1. A contraction n = {Sj} G Iln,n' is called a pairing contraction if m = n, so 
that \Sj\ = 2 for all j . Otherwise, tt is called a higher (order) correlation contraction, or a 
type III contraction (cf. Definition \6.^ below). 

It is in fact necessary to introduce the following finer classification of families of con- 
tractions, see 0. 

Definition 6.2. The delta distributions associated to partitions n G Iln,n' of the set Vn,n' 

are classified into the following types, according to the corresponding subgraph structure. A 

delta distribution Ss{p) = S{pi —pi-i +Pj —pj-i) associated to a pairing S with \S\ = 2 is of 

Type I ifi,j < n. 

Type I' ifi,j > n. 

Type II if i < n, but j >n + 2. 
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A delta function Ss is of 

Type III if\S\ > 4, that is, if it is not associated to a pairing contraction. 

Hence, a partition of Vn,n' is of type III if it contains a type III delta distribution. 

Definition 6.3. A pairing contraction tt G n„ „/ is called crossing if 5^ contains two delta 
distributions S{pi^ — Pi^-i + Pj^ — Pji-i) and 5{pi^ — Pi2~i + Pj2 — Pj2-i)> '"^^^^ Jr > ir, such 
that ii — 12 and ji — j2 have the same signs. 

Definition 6.4. A non-crossing pairing contraction tt G n„ „/ is called nested if contains 
two delta distributions S{pi-^ —pi^-i +Pj^ —pj-^-i) and S{pi2 —pi^-i +Pj2 ~Pj2-i)) '"^^^^ jV > V, 
both either of type I or of type V, such that ii — 12 and ji — j2 have opposite signs. 

Definition 6.5. A non-crossing and non-nested pairing contraction is called simple. A 
simple pairing contraction is called a ladder graph if all of its associated delta functions are 
of type II. 

Assume vr G n„ „,/ is a pairing contraction. A spanning tree T of G.,^ is a connected tree 
graph that contains ViCjTr). We denote the set of edges contained in T by Et, and refer to 
the corresponding momenta as tree momenta. The momenta corresponding to the edges in 
the complement El = E^ are referred to as loop momenta. Adding any edge of El to the 
spanning tree T produces a loop. 

Definition 6.6. A spanning tree T of G.^ with tt = {Sj}^^^ G Iln,n' 0, pairing contrac- 
tion is called complete if it contains all contraction lines, and the edge corresponding to the 
momentum pn, but not the one corresponding to the momentum pn+i- 



It is our aim to estimate |Amp[7r]| for each type of contractions vr G Yin,n' listed above. 
We shall proceed by first discussing simple pairings, then crossing and nested pairings, and 
finally type III contractions. 

Similarly as in 0, we will find that the amplitudes {Amp[7r]|7r simple} completely 
dominate over those associated to all other contraction classes (notably even in the presence 
of type III contractions). 

7.1. The ladder graph. The simplest member in the class of simple pairings in n„ „ is the 
ladder graph. It corresponds to the pairing vr = {Sj}"^^ G n„^„, with Sj = {j, 2n + 2 — j}, 
such that l^jl = 2, and 



7. Simple pairing contractions 




2n+l 



1 



X 



e 



27r«(po-P2n+l 



n 



eA{pi) - Oil- iaie 



n 



(59) 



X 




cf. (El 
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The following L°° and resolvent estimates will be used extensively in the sequel. 
Lemma 7.1. Let < e <^ 1. Then, 

(60) sup sup - — < - 

a£i peT3 \eA{p) - a-ie\ e 

f 1 1 
sup / dp - — — < C log 



\^/\{p) — a — ie\ e 

(61) sup / \da\ -. — — < Clog- 

peTsJ/ \eA{p)-a-te\ e 

for finite constants C that are uniform in e . 

Proof. Since by definition of /, inf^gi-s dist(eA(p) — = £, and since |/| is finite, ( 

and the second estimate in ( 16111 are evident. 

To prove the first estimate in ( IHT| . we first show that the measure of the isoenergy 
surface 

Eo,:={peT^\eA{p) = a} 

is uniformly bounded with respect to a G / fl M. We note that for Im(Q;) ^ 0, the asserted 
bound is trivial. For p = {pi,P2,P3) G T^, let 

(62) e2D{p) ■■= XI ~ cos27rpj) , p := (^1,^2) 

denote the Fourier transform of the 2-D nearest neighbor Laplacian, and 

(63) Sr:={peT'\eMp)=r} 
the corresponding level curves. Then, 

(64) mes{sr} = / dp5{e2D{p) - r) 

J[0,l]2 

is easily seen to be uniformly bounded, 

(65) supmesjsr} < C . 



Therefore, 



mes{SQ,} = dps dp5{e2D{p) + (1 - cos27rp3) - a) 
Jo Jt2 

= 2 [ dkil-k'^y^ [ dp6{e2D{p) + l-k-a) 

Jo Jj2 



(66) ^ 2 / dk{l-k'^)-^snpmes{sr} < C 

Jo r 

uniformly in a. Thus, defining 

(67) Rj{a, 5) := |p G 2% < e^ip) < 2^+^e} , 
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we have 



mes{Rj{a, e)} 



da' / dp6{a' — eA(p)) 
/ da'mes{T.a'} 



21 e 
2^+1 £ 



(68) 



< 2^' e sup mes{E«/} < C2^e 



for a constant C that is independent of j, £, and a. Hence, introducing a dyadic decompo- 
sition of with respect to ba centered about E^, we find 



/ 



1 



r dp . 

T3 IcaIp) - a; - z£| 



< 



Rj {a,s) 



^a{p) — Oi — is 



mes{it!j(a, £)} 



2J£ 



(69) 



e 



for < J < C log i and a constant C that is uniform in e and a, as claimed. 
Lemma 7.2. Le^ 

/n 
r=0 

dae-'"' Y[ 



□ 



2^ 



j=0 



GA{Pj) — a — is 



Then there exists a finite constant for every < /x < 1 such that 



(70) 

Proof. Clearly, 



\\K^^\-;t 



\\K(^\-;t 



L°°((T3)"+1) 



< ic.ty 



i2((T3)n+l) _ ^^^y ■ 

: / dSQ. . .dSnS{t -y^Sr) = —: . 



Furthermore, 



l^^"H-;t)|i;Z, 



< c 

L2-/'((T3)"+1) — 



< c 



(T3)n 



+2 



C^P^(Pn -Pn+l) / 



1 



2-/i 



/ dp 5(pn -Pn+l) / \da\T\ 



1 



f711 



'(T3) 



|eA(Pj) — o; — i^P 



for a finite constant C^. The claim then follows from interpolation. 
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□ 



We conclude that the ladder contribution can be estimated by 

„ n 

A^" / dp TT5(pi -P2n+l-i) 

J(j3)2n+2 - fj^ 



(72) < A \\K' n--- ,^)L2((T3)n + l) < ^^^y 

for < yU < 1. It is clear that the product of delta distributions appearing here is equivalent 
to the one in ( 

7.2. Immediate recollisions. We next estimate general simple pairings which include all 
possible combinations of type I and I' contractions. Given any type I or type I' delta function 
S{pi —pi-i +Pj —pj-i) in a simple pairing graph, where j > i, one necessarily finds i = j — 1. 
Otherwise, either a crossing or a nesting pairing occurs. Hence, any type I or I' delta function 
in a simple pairing reduces to — Pi-i), for some i. 

Definition 7.1. A type I or type V pairing of the form —Pi^i) is called an immediate 

recollision. 



The subintegral in Amp[7r] corresponding to an immediate recollision is given by either 

r dq 
Jj3 e^iq) -a-ie 



(73) E{a,e) 



or E{P,—e). It contributes to a renormalization of the particle propagator, see [3], and 
satisfies the following estimates, which will be of extensive use. 

Lemma 7.3. For a E I , 

(74) sup sup I S(a, 5) I < C 

aGl e>0 

and 

(75) \d^E{a,e)\ < C ^-^^-^/^^ (m!) 

(76) \E{a,e) -E{a',e)\ < Ce-^^^\a - a'\ 

for finite constants C that are independent of m,e,a,a' , and m G N. 

Proof. We recall that a G / = Jr U /h_ from ( 1^ . The case a G /h„ is trivial. For 
a G /r = [—1, 7], we write 

E{a,e)= f ds I dp e-''^^^^^^-''-''^ 
Jr+ Jt3 

and recall that ca : T'^ — > [0, 6] is a real analytic Morse function with eight critical points. 
We choose a smooth partition of unity 1 = on T^, j G {1, . . . ,8}, requiring that the 

support of each 0j is centered about precisely one critical point of ca, so that 



(77) E{a,e) = ^ ds dp(f)j{p)e 



is{ej\{p)—a—ie) 
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Using a stationary phase estimate, we find 

(78) < Vc^ / rfse-"(l + 

, Jr+ 



S) 2 



where the constants Cj are independent of e and a. This proves f I74p . 
Likewise, 

(79) CS(a,£) = 5"/ / rfp0j(p)(2s)'"e-'^("^(P)-"-'") . 
Thus 

(80) IC2(a,£)| < y^Cj [ rfss"^e-"(l + s)-i , 

which imphes ( I73j) , and for m = 1 , also ( ITUj) . □ 

7.3. General simple pairings. In a more general context, simple pairings comprise pro- 
gressions of neighboring immediate recoUisions on each particle line before and after each 
type II contraction. In this sense, simple pairings are ladder graphs that are decorated with 
immediate recollisions on the propagator lines. Let us assume that there are q neighboring 
delta functions of type I', starting at the particle propagator carrying the momentum pi. 
Then, Amp[7r] contains the corresponding subintegral 

/ dpi+i ■ ■ ■ dpi+2g ( n ) n ^(^»+2i+l ~ Pi+2j-l) 



(eAiPi) - a- ie)9+i ' 

The analogous expression for a progression of q neighboring delta functions of type I is 
obtained from substituting a —>■ P and e — > —e. 

Let us consider a simple pairing vr G n„ „/ which contains m type II contractions. Let 

:= {qo,qu...,qm)eK+' 

and 



I (m+l) I ._ „ _|_ _|_ „ 



and, for n — n' = (mod 2), 



(81) An^n' '■= {'ITT' G Nq | m — n = (mod 2) , m < min{n, n'}} . 
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The sum over all simple pairings at fixed n gives (after reindexing the momentum variables) 



^ Amp[7r] = / _dadf5e 



-it{a-f3) 



IT simple 



X / dpo---dpr. 

|g(m + l)|^n^ |gfm + l)|^ n'-m > 



2 

^2) ^ -Q (A2S(A-e))* 



.^0 .eA(Pi) -a- ieY^+^ {e^{pi) -(3 + iey^+^ ' 



Let us comment on this expression, cf. Figure 2. For i = 1, . . . , m, is the momentum 
preceding, and pi the momentum following the i-th type II pairing. Notably, a direct recoUi- 
sion conserves the momentum. For 1 < i < m, Qi and qi are the numbers of neighboring type 
I and r pairings after the i-th type II contraction, go and go are the number of neighboring 
type I and I' pairings before the 1-st type II pairing. 

Clearly, all n — m random potentials on each particle line not involved in type II 
contractions are part of type I, respectively type I' pairings (immediate recollisions) . Since 
each immediate recollision contracts precisely two random potentials, the sum over m takes 
steps of size 2, such that m e A„ „/. Therefore, 



{m+i)| _ n - m i~{m+i)\ _ n' -m 



(83) |^i-+i)| = __, \q 
is clear. In particular, m = n = n' corresponds to the ladder graph. 

Lemma 7.4. For fixed n,n' with n := ^^^^ G N, the contribution of the sum of all simple 
pairings is bounded by 

(84) Yl A^pH ^ ^n.n^ ^ +n'e'^\\oge\{Ce-'X'\\oge\)\ 



7ren„ simple 

and for X^e^^ < 1, 



N 

I Yl Amp[7r]| < CiX^-^ + e"^N^{C \ log el)'' , 

n,n'=l Tgn^ simple 

where C, Cq, Ci are uniform in N and e, and where Cq and Ci are defined in f \9(^} . 

Proof. Let us assume for fixed n, n' under the stated conditions that tt G is simple, and 
contains m type II pairings. Let 

(86) Amp[7r] = Ampmain[7r] + Amperror[vr] , 
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where 



2et\2m 

Amp^ainM := I da d(3 e-''^'^-^^ 



Ixl 



/ dpo---dp. 



X 

|g(m + l)|^n-m |-(m + l)|^n^^ 

^ ^ (cAfe) - a - (eAfe) - /? + te)'^^+' 

Then, recalhng ( IHT| . 

(88) ^ Amp^,i,[7r] = J] 7^ / _ ^« ^/^ e"**^""''^ 

7ren„ „/ simple meA„ „, ^ '^■^^-'^ 



X 



Y / dpo---dp. 



|g(m+l)| = Il^ |g(m + l)| = Ii: 



(f 3)m+l 



i=0 



{er^{pi) -a- ieY^+^ (eA^) - /3 + 



Let p^* = {pj, . . . ,Pj) {qj copies), and dp^"^'^^'^ := c/po " " " dpm- 
We note that 



J(T3)m+l 



^9) / dv^"'+'> K^^Hv}:f°^'> v^l"^+'^:t)\^^^^^ 



'(T3) 

Thus, by the Schwarz inequahty. 



(90) < 



xi^(H-)(p^o+\...,pfr+V) 



m + n 
2 



Therefore, 
(91) 



^eA„_„, |g(m + l)| = Ii^ |g(m + l)|^n:_:m I 2 '^'V 2 



By 

(92) ^ 1< C"- 

[g(m + l)|^"-m 
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and Lemma [7.31 



Ampmain[ 

''"Gn„.„ simple 



2 



(93) 



(n! ) 2 



for finite constants C that are independent of e. The first term after the second inequality 
sign accounts for the ladder graph in Tn,ni corresponding to the case m = tt. = n' = n, as we 
recall. 

Next, we consider the error term 



Amperror[' 

TSn^^n simple 



(277)2 



dad/3 e 



-it(a-/3) 



(94) 



X E E 



Ixl 



1 



1=0 



{e^{pi) -a- ieY^+\e^{pi) -(3 + ze)* 



X 



H(a,e) 2 S(/5, -e) 2 -H(eA(po),^) ^ '^{e^{po),-e) 
Lemma 17.31 implies that difference in [■ ■ ■ ] on the last line is bounded by 

"^leA(Po) - «| + ^^|eA(Po) - /3|].-V2C— 1 , 
for a constant C independent of e. Thus, we arrive at 

KEll < fiE^'^ (CAV^|loge|)"(CA2e-i|loge|)"-™ 

< n^eVa^^c'AV^Ilogel)". 



agam usmg 

Summarizing, we have 



AmpH < 5„,„,l^^^!£^ + ne(CAV^)' 



'fSn^^^, simple 



n! 2 



(95) 



+nV/2(CAVi|log£|)^ 



for some constant Cq. Furthermore, let 



(96) 



n=l 



n! 2 
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Then, for A^e"! < 1, 



AT 

n=l 



where the constants Co,Ci,C are uniform in A^, A, e. □ 

We remark that for general T := X^t = X'^e~^ > 1, the constant Ci in the above 
estimate would be replaced by C^, where C is uniform in A and e = t"^ . 

7.4. A priori bound on pairing graphs. All pairing graphs obey the following a priori 
bound. 

Lemma 7.5. Let tt G n„ he a pairing graph, and n := ^^i^ G N. Then, 

(97) |Amp[7r]| < | loge|3(CA loge|)" . 

Proof. For the detailed argument, we refer the reader to [3]. One chooses a complete spanning 
tree T on tt, and estimates the propagators supported on T in L°° . Using the bounds in 
Lemma [7.11 one obtains a factor e~^. The loop propagators are estimated in L^, and yield 
a factor (C| log £|)"+^ □ 

7.5. Crossing and nested pairings. We shall next prove that for all tt G n„ „ which 
contain a crossing or nested pairing contraction, |Amp[7r]| is a factor 0{e'^^) smaller than 
the a priori bound ( Wl\ on pairing graphs. This is sufficient to compensate the factor n\ 
accounting for the number of pairing contractions. 

Lemma 7.6. The sum of all crossing and nested pairing contractions in n„,„/ (where n : = 
e'N) is hounded hy 

J2 |Amp[7r]| <n\6^loge\^{CX^e-^\\og6\f . 

TTglljj ^1 crossing or nested 

Proof. By lemmata 17.71 and 17.91 below, every pairing contraction of crossing or nesting type 
can be bounded by 

(CAV^|loge|)"e^|loge|=^ , 
and clearly, there are at most 2^n\ such graphs. □ 

Lemma 7.7. Suppose that ir G Uny corresponds to a pairing contraction that contains at 
least one crossing, and that n = G N. Then, 

|Amp[7r]| < e^CXh"'\\oge\f\ \oge\^ . 

Proof. Let T denote a complete spanning tree for the graph Gj^, and T'^ its complement. As 
demonstrated in J'S], all momenta supported on T can be expressed as linear combinations 
of loop momenta supported on T'^. If there exists a crossing pairing, it is shown in |i3^ that 
there is a tree momentum pr in T that depends on at least two loop momenta Pj,pi in T'^, 

(98) Pr = ±Pj ±pi ±w 
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where G is a hnear combination of momenta not depending on Pj,pi. Writing p = 
Pj, q = pi, and integrating out all delta distributions determined by tt against momenta 
supported on T, the amplitude Amp[7r] can be written in the form 



(99) Amp[7r] 



dad[3e 



-it{a-f3) 



Ixl 



dpdql TT dpj F^{pj eT'';a,(3;e) 

MT<:\ L -■- J 



(eA(p) - ai ± is) (eA(g) - ^2 ± i£){eA{p ± q + w) - ± ie) 

where G for i = 1,2,3, and \T^\ is the number of edges of T'^. F^, contains all 

resolvents except the three on the last line, which carry the moments singled out in 
Using an — L°° bound with respect to the variables p, q and a, j3, we have 



(100) |Amp[7r]| < A sup sup sup y4e(w; a, /5) 



X sup / dadl3 
p,q Jixi 



T3(|T'=|-2) 



n dpj\F^{p,eT''-a,p-e] 



P^i^P,•l 



where 



A<,(w;;a,/3) 



dpdq 



(T3)2 



|eA(p) — «! ± i^l \e-A{.q) — «2 ± iA\^^{P ± 5' + tf) — as ± i^l 



It is clear that = for at least one pair of indices i ^ j- 

Using the trivial bound A^{w,a,(3) < c£:~^(log -)^, one obtains 



(101) 



|Amp[7r]| < |log£r(CA'£-^|loge|)" 



which is the a priori bound ( WJ\ on all pairing graphs. It is insufficient because the number 
of crossing graphs is 0(n!), and n\\ \oge\^{C\^e~^\ loge|)" is not summable in n. Gaining an 
extra factor will (in combination with our treatment of the error term of the truncated 
Duhamel expansion) allow us to compensate the large combinatorial factor n\. 

Exploiting the crossing structure of vr. Lemma f7.8l below provides the bound 

4 1 9 

(102) sup sup sup Ae{w,a,l3) < C£:^5(log-) , 

which is a factor smaller than the a priori estimate. 

For the remaining part of Amp[7r], excluding the propagators corresponding to the 
indices n and n + 1, L°°-bounds on propagators in T, and L^-bounds on propagators in T'^, 
produce a factor (CA^£~^| log£:|)"^^. The propagators corresponding to the indices n and 
n + 1 contribute a factor (Cloge"^)^, as in i I132j) below. A detailed exposition is given in 

nig. □ 
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Lemma 7.8. Let Ai,{w,a, (3) be defined as in f \lUl]} . Then, 

4 1 9 

(103) sup sup sup Ai;{w,a,l3) < Ce^'^ilog-) . 

Proof. To bound ( llOlll . it is necessary to estimate the measure of the intersection between 
tubular neighborhoods of level surfaces of the kinetic energy function ca where the singu- 
larities of the resolvents in ( I101|) are concentrated. Because the level surfaces of ca are 
non-convex for the 3-dimensional lattice model, this is a much more difficult task than in 
the continuum case, where the latter are spheres. After completing this work, we learned 
that a similar but somewhat stronger estimate (with an exponent -3/4 instead of -4/5) was 
proven independently in 4J. 

We shall interpret the 3-dimensional integral ( llOlj) as an average over 2-dimensional 
crossing integrals. Let 

p:={pi,P2) , g:=(gi,g2) e [o,i]^ 

2 

e2D(p) := ^cos27rpj 
i=i 

(104) a,{k) := -cos27rA: + 3-| ^ if j = 2, 3 , 
so that 

Ae{w]a,(5) = dps dq-i I dq- . , 

i[o,i] ^[0,1] ^[o,i]2 -\e2D[q- m - ai^q'i - W'i) + ie\ 

dp- 



[o,i]2 ~\(^2d{p) - a2{P3) - ie\ \e2D{p - g) - aaips - Qs) - is] 
The level curves 

(105) s^:= {pe[0,lf\e2Dip) = a} 

of the 2-dimensional kinetic energy function 620 are convex, but there is one exceptional 
value of the energy a = for which the corresponding level curve Sa=o is the union of four 
line segments of zero curvature. The lack of curvature poses a well-known difficulty in 2 
dimensional lattice models. In 3 dimensions, this problem is resolved through the average 
with respect to p^, q^ (relative to which small curvature is an event of small probability). 
Let 

Ur ■= {(P3,g3)| "1(^3), "2(^3), "3(^3 - gs) G (-r,r)} 

(106) U!; := [0,lf\lr, 

where < r ^ 1 remains to be optimized. Then, clearly, 

(107) mes{Ur} < Cy/T . 
Correspondingly, let 



(108) 



A,{w-a,P) = {A) + iB) 
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where 



(109) (A) := / dp^dq^ [ dq ^ 

JUr ^f0,112 



and 



Ur ^[o,i]2 -\(i2D{q- m) - Oii{qz - w-:^) + ie\ 

dp 

i]2 -\e2D{p) - "2(^3) - i£\ \e2D{p - q) - a^{Vi - Qs) - i^l 

1 



[0: 



(110) (B) := / dpsdqs / dq- ^ 

f dp 

J[o,i]^ -\e2D{p) - "2(^3) - i£\ \e2D{p - g) - "3(^3 - Qs) - i^l 
Therefore, with ( I107|l . 

1 



(B) < Cv^sup [ 

-'[0 



[o,i]2 -\e2D{q-W-ai + is\ 

X I dp 



[0,1]2 

r „ 1 



e2D{p) - "2 - ie\ \e2D{p - q) - - ie\ 



(111) < ^(log-)^ 

Next, we decompose {A) into {A) = (Ai) + {A2) with 

f , , f , x{\e2Diq - w) - aiiqs ~ W3)\ < T]) 

(Ai) := / dpsdgg / dq — -= ^ , . , 

Jur i[o,i]2 - \e2D{q-W-Oii{qs-W3)+i€\ 

(112) X / dp- -= — 

i[o,i]2 ~ \(^2d{p) -a2{P3) 

x{\e2D{p - g) - a3(j53 - gs)! < v) 

= = 

\e2D{p- q) - asiPs- qa) -i^l 

where < ^ 1 remains to be determined. Then clearly, the term complementary to (Ai) 
satisfies 

(113) {A2) < Cv~\log-^ f , 

because the integrand of {A2) contains at least one characteristic function of the form 
x{\^2d{v) — ctji^s)] > T]), where v = (VjV^) denotes either q — w, p, or p — q. The cor- 
responding resolvent can be estimated by rj'^, while the remaining two resolvents in (^2) 
can be bounded in by c(log ^)^. 
To bound (Ai), we note that 

(114) (Ai) < (-) V^^ dpsdqs dq x{\e2D{q - w) - ai{q3 - Ws)] < t]) 

Jur ^[o,i]2 - 

X / dpxi\e2Dip) - a2ip3)\ < v)x{\e2Dip- q) - a3{p3- qs)] <ri) . 
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let hjj denote a smooth bump function supported in a r^-vicinity of the origin in [0, 1]^ 
(periodically continued over the boundaries), with 

(115) \\hr,\\m[o,i]^) < 10 

and 

(116) 



c 



\x\ < 1] 



-1 



< C\x\ \x\ ^ V ■ 



T denotes the Fourier transform, and x G is the variable conjugate to p, respectively q. 
Furthermore, let 



(117) 

where ^sSv) ■= S{e2D{p) - «)• 
Choosing /i^ appropriately, 

(118) l^(\e,^(p) - a\ < r^) < 6i^Xp) . 

Thus, letting T^/(g) := fiq-w), 



{Ai) < (-Y sup sup / 

aj\>T w J[0,l]2 



e 



dqSi^Uq-w) / dp 6itip) SitiP - <l) 



[0,1]= 



sup sup (r^5(?^ , 5£) *O^.([0,in 

aj\>T w_ 

sup sup(^-i(T^5£)), ^-i(52))^-i(<5(J)>^^ 

OLj\>T W 

sup sup -F-i(T^52) )(x) ^-^(5£) )(x) ^-^(5i? J(x) 
sup sup ^ {^'^{hr,){x)Yj^'^{T^5s^^){x) 



OL^\>T W 



(119) 



by the Plancherel identity. Next, we observe that if |a| > r, the curvature of Sq, C [0, 1]^ is 
uniformly bounded below by Cr, where the constant C is independent of r. We thus have 
the curvature induced decay estimate 



(120) 



j'-\Ssjix)\<ciT\x\r-^ 



which appears also in the context of restriction estimates in harmonic analysis, ^U]. To 



arrive at ( IT^ . one introduces a smooth partition of unity 1 = Xl^i 9j ^a, which splits 
j = 1,. . . ,N, with, say, = 10. For fixed j, one introduces a local 



it into arcs s 



01,31 



orthogonal coordinate system (f 1, ^2) where the origin lies on (say at its center) with the 
Ui-axis tangent to s^^j. Then, s^j is the graph of a smooth function 0Q,j (fi) with 0aj(O) = 0, 
dvi(f>a,j{.vi) = and \dy^(l)a,j{vi)\ > Cr. Let n := jfj- = (ni,n2), where x G Z^, and let p. 
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denote the location of the origin of the w-coordinate system with respect to the p-coordinates. 
Then, 

where gj{vi) := gj{vi, (pajivi)), and 

(121) ^a,jin,vi) := niVi +n20aj(t;i) . 

First of all, if x_ is parallel to the f2-axis so that ni = 0, one has Idy-^^^ajin, 0)| = and 

(122) \dl<l>o^,,{n,0)\>CT. 
Hence by a stationary phase estimate, 

(123) \:F-\6s^^^g,)ix)\<C{r\x\)-^ . 

If X is close to being parallel to the f2-axis, so that |?t,i| < C is sufficiently small (indepen- 
dently of r), one can find Vi = Vi{n), such that c?i,i$oj(zi, f i(zi)) = 0. This follows from an 
application of the implicit function theorem and f I122j) . Moreover, by the assumption on the 
curvature of Sa, we have \d'^-^^a,j{lk,vi{]l))\ > Ct. Therefore, i I123|) is valid for all x such 
that |ni| < C is sufficiently small. If |r2i| > C, 

(124) |5,,$,j(n,t;i)| >C'>0, 

since \dv^(j)a,j{vi)\ = 0(|fi|). This implies an even stronger decay bound than ( I123p . by 
standard oscillatory integral estimates. Hence, we arrive at ( I120|) . 
Noting that 

(125) |-^~'(T^(5,J(x)| = \T-\6,J{x)\ , 
we obtain 

(^i) < c[^yY.{j^-\h,){x))\r\x\rl 

(126) < C{^T-^^ , 

due to (Eni). 

We thus arrive at 

(127) A,{w- a, /3) < c(^) Vir^^ + c(r/-i + ^) (log ^)2 . 

Setting rj = , r = e§, the claim follows. □ 

Lemma 7.9. Let tt G Iln,n' with n = ^^-^ G N, correspond to a n on- crossing pairing 
contraction that contains at least one nested subgraph. Then, 

|Amp[7r]| <e^C\^e-'\loge\f 

29 



Proof. In this case, vr comprises a nested subgraph of length 1 < q < n — 2, and Amp[7r] thus 
contains a subintegral 



Ng{a,e)6{pj+2g-Pj) 



/ dpj ■ ■ ■ dpj+2q-l TT - 

y(T3)2<7 ;f eA(pz) - a - 



X 



9-1 
fc=l 



(128) X A^(5 ( Pj+i - + Pj+2q - Pj+2q^l 

where 



(129) Ng{a,e) := A^ / rfp- 

JT3 



q-l 



fiAip) - a - ieY 



Since its interior does not contain further nested subgraphs, we refer to it as a simple nest, 
cf. Figure 3. We note that po,pn,Pn+i, and p2n+i can never appear in the interior of a nested 
subgraph. It is clear that 



idr' I dp- ^ 



(g-l)! " Jf3 eA{p)-a-ie 



(130) < {CXh-'ye 



3 
2 



where we have used ( r73|) . 

Without any loss of generahty, let us assume that the simple nest has length q (i.e. it 
contains q immediate recollisions), and that the momentum with largest label preceding it 
is pj, with j + 2q < n, so that the expression corresponding to ( I128|) is Nq5{pj+2q ~ Pj)- 

The contributions to Amp[7r] stemming from the pairing contractions outside of the 
simple nest can be estimated in the following way. There are 2{n — q) momenta not contained 
in the nest, apart from those carrying indices in J := {n,n + + 2q}. Let vr' denote the 
graph obtained from vr by removing the simple nest together with the edges labelled by J. 
Let T denote a spanning tree of vr' containing all of the contraction lines, and ri — g of the 
particle lines in tt'. The pairings supported on vr' can be written in the form 



(T3)"-9 



n In 1 



1 



where each Ws G is a linear combination of momenta pj^ with jg G T'^. Here, we have 
introduced /ij(r) := 1 + 5j> to accommodate the fact that the edge labelled by j + 2q is 
excluded from vr'. We correct this omission by using Pj+2q = Pji which is enforced by a delta 
distribution, and by squaring the propagator corresponding to the edge with index j. 
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It then follows that 



(131) 



Since 
(132) 

and 



(133) 
we find 

(134) 
due to 



|Amp[7r]| < (sup|iVg(a,e)|)A2("-«) [ \da\\dp\ 

^ ae/ ^ Jlxl 

X / dp. 



X 



eA(Pn) - a- z£|''j(")|eA(Pn) - P + i€\ 

1 



(j3jn-g L — ^ \eA{Pr) - OLj. - ia^el^W 



n 



1 



/x/ iT3 |eA(Pn) - a - «£|''^^"''|eA(Pn) - P + «£| 



L [ n 



|eA(Pr) — Or — ^C^r£|'^•'■('■) 



n 

sGT 



< (C| loge|)""''£:"^'-6T<^ ''j""-EsGT/^j(*) ^ 
|Amp[7r]| < A2"(C| log^D^-'^+^ei-'^^' (")-S.-6tc ^..r-E.gT/^. W(Ce-i)%3/2 



r£T'= sGT 

where q > 2. This proves the lemma. 



□ 



8. Type III contractions 

We recall that the number of type III contractions tt G Il^.n' is superfactorially large, 
bounded by ri^". On the other hand, if vr is of type III, Lemma 18.11 below shows that 
|Amp[7r]| is by some positive powers of e smaller than the bounds on crossing or nesting 
pairing graphs. This will suffice to balance the extremely large combinatorial factors against 
the size of |Amp[7r]|. 

Lemma 8.1. Assume that 1 < m < n = ^^'^^ G N, and tt = {SjYjLi G Uny of type III. 
Then, for m = n — 1, 

(135) |Amp[7r]| < e\ \oge\\CE-^\^\ \oge\f , 
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while for all 1 < m < n — 2, 

(136) |Amp[7r]| < {cnf^-^X^''6-''''{C\ loge\y^ . 

Proof. By assumption, the total number of blocks contained in the contraction tt is m, and 
we recall that the case m = n excluded here would correspond to a pairing graph. After 
integrating out 

|Amp[7r]| < 

X 

X 

(137) X 

Let J := \Sj\ > 2} denote the number of type 111 blocks in vr, hence the number of 
pairings is m — J. 

We consider the graph associated to the contraction tt. contains one vertex 
from 6{pn — Pn+i), 2?7. vertices corresponding to K;, J vertices in VhdGT,) (cf. the definition 
in the second paragraph of section IH)), and we add two artificial vertices at the free ends of 
the particle lines corresponding to the initial conditions (labelled by the momenta pq and 

P2n+l)- 

Every type 111 block Sj accounts for IS*-,! contraction lines, while for a pairing block, 

IS ■ 

there is only = 1 contraction line. The total number of contraction lines in Gt^ is thus 

(138) ^\Sj\ + {m- J) = 2n- (m- .J) , 

(since ^j^j + 2{m — J) = 2n is the total number of K;-vertices) . 

Let T denote a spanning tree of G^^ which contains all contraction lines, the two particle 
lines belonging to the momenta Pn and P2n+i, but not the particle hne that used to belong 
to Pn+i- Clearly, T has 2n + 2 + J edges, from which (2n + 2 + J) — 2 — (2n — (m — J)) = m 
belong to particle lines different from those labelled by pn and P2n+i- All particle momenta 
associated to those particular edges of T can be expressed as linear combinations of momenta 
not on T (they are used to integrate out all delta distributions). Accordingly, we estimate all 
propagators on T except for those labelled by p„ and P2n+i by their L°°-norms. This yields 
a factor e~"^. 

We integrate the propagators labelled by Pn and P2n+i against a and /?, respectively, 
which yields a factor (clog^)^. Furthermore, we bound all 2n — m remaining propagators 
that belong to edges in the complement of T by their L^-norms. This produces a factor 
(clog 1)2"-"^. 
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-Pn+l), 

A^V"* r „, /■ , 1 1 



' \da\ \d(3\ / dpn 

Ixl Jj3 



(27r)2 Jj^j Jj3 \eA{Pn) -a-ie\ \eA{Pn) - (3 - ie\ 

dpo--- dpn-ldpn+2 ■ ■ ■ dp2n+l 

(T3)2n 

n-1 , 2n+l _ 

n I 1 n I 

m 

nicis,#5,(p) • 

i=i 



Finally, we derive from ( EUj) that 



m m 



5 

3n—l / \2\n —m \ \2n—m+2 



j=i i=i 

(139) < (2ne^^'^)3"-i 
for l<m<n — 2, so that in this case 

|Amp[7r]| < (Cn)^"-^(CA")%-™|loge 
On the other hand, since C2 = 1 by normalization, 

n-l 

(140) J]|c|5^l| = |c4| 

i=i 

if m = n — 1, so that 

|Amp[7r]| < |c4|(CA2)V-"+i|loge|"+3 . 

This proves the lemma. □ 

Proposition 8.1. For fixed n,n', the sum of all contributions to the expectation (\57{) that 
comprise type III contractions is bounded by 

J2 |Amp[7r]| < (CAVi|log£n"(^n^(n!)£ + n^V) . 

7ren„ type III 

Proof. We note that the total number of graphs for 1 < m < n — 2 is bounded by 

n-2 
m=l 

cf. the discussion of ( In the case m = n — 1, we find 

Bn{n-1) < 2"(n!)n^ , 

since we have n—1 pair correlations, and one correlation of order 4. Application of Lemma IHTTl 
implies the claim. □ 

9. Estimates on the remainder term 

In this section, we bound the expectation of the L^-norm of the remainder term Rjsr t 
in the Duhamel series ( I48|) . We shall use the partial time integration method introduced in 

The remainder term is defined by 

(141) RN,t = -tx[ dse-'^'-'^''-V^<j)N,s . 

Jo 

Let K G N, 1 ^ K ^ A^, be a large integer to be chosen later. We subdivide [0, t] into k 
subintervals with equidistant boundary points {6*0, . . . , 0^,} where to = 0, 9^ = t, such that 



(142) R^^t = -i\ e-'^t-ej+i)H. f e-*(^.+i-^)^- 



j=0 " "3 
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Furthermore, we define 



ds'D 



-s' Ym,s' ) 



where 
(143) 



(Df)0)(po) := (-^A)^ 



n + l 



Hds, 



3=0 



X 



dpi--- dprn n e-^^^""(P^)VL(p,- - p,-i) k^{p 



4>m,n,e{s) is the m-th Duhamel term, comprising m colhsions in total with V^, but conditioned 
on the requirement that precisely n collisions occur before time 6. 
We then split the remainder term into 



(144) 
with 

(145) 



R 



K-1 



i?l(t)+i?2(t) 



Rlit) 



i?2(t) : = 



N<n<4N j=0 
K-1 



j=0 



'i+i 



>m,N,ej[s) ■ 



Ri{t) is obtained from further expanding the operators ^-'^i^j+i-^)^'^ in { |142|) up to 3A^ — 1 
times. Consequently, Ri{t) comprises Duhamel terms for which up to 3A^ — 1 collisions occur 
in a time interval of length K R2{t) is the corresponding error term, characterized by the 
fact that precisely 3A^ collisions occur in a time interval of that length. 

Our aim is to establish that E[||i?i_2(''^)||2] = 0{e^) for some 6 > 0. The estimates 



used to control E 



are essentially equal to those employed for n < N. To bound 



2\i 



we exploit the rarity of events comprising large collision numbers (of order 



0{N)) in the time intervals [6j,6j^i) that are much shorter than [0,t]. 

Lemma 9.1. There are finite constants C, uniform in e = t~^ and N, such that 



(146) 



E 



Ri 



< 



+ {CX^e^' I log £ I )"^ I log £ 1 3 (ei (4iV) ! + (4iV)2o^) 



(147) 



E 



\R, 



< £-"(CA"£-^|log£|)^^|log£ 



+K-''+'6\AN)\iANf + £3(4iV)20^) 

34 



Proof. The Schwarz inequality and unitarity of e imply 



:i48) 



E 
E 



\Ri 

\R2 



< {3NfK^ sup sup E 

N<n<4:N 0<j<K 



\\(l>n,N,9jidj- 



< e 



-2 



sup 

0<J<K 



E 



110^ 



■4:N,N,t 



Let us first address the estimates on ||_R2i 

Each pairing contraction occurring in E[||047v,Ar,6» 



(149) 



K-^\loge\^{C\h-^\\oge\) 



4Af 



1 2] can be bounded by 



The factor appears for the following reason. We recall that = t is the length of 
the time integration interval [0,t], and that previously, ie has appeared as the imaginary 
part of the denominators of the free resolvents in the momentum space Feynman integrals. 
Due to the condition in R2{t) that all of the last 3N collisions occur in a time interval of 
length ^ -C t, there are 6A^ out of 2(4A^ + 1) free resolvents, for which the imaginary part 
of the denominator is ine instead of ie. ie appears only in 2N + 2 of the free resolvents, 
corresponding to the first N collisions. 

For type III contractions, we argue as in the proof of Lemma 18.11 We observe that if 
there is a single block of size 4 (that is, one delta contracting 4 random potentials), we gain 
a factor e, and there are 2(4iV+ 1) —4 free resolvents which are part of pairing contractions. 
The above considerations apply to the latter, and there is a gain of a factor of at least 
The number of type III contractions with only one block of size 4 is bounded by (4iV)^(4iV)!. 

For a type III contraction which contains two size 4 blocks or one size 6 block, we gain 
a factor e^, and there are at least 2(4A^ + 1) — 8 free resolvents which are part of pairing 
contractions. By the above, we gain a factor of at least k"^"*"^. The number of type III 
contractions with two blocks of size 4 or one block of size 6 is bounded by (4A^)'^(4A^)!. 

Any type III contraction with larger or more non-pairing blocks provides a gain of a 
factor e^, and we shall then not need inverse powers of k. The number of such contractions, 
multiplied with the estimate derived in the proof of Lemma lHTD on the renormalized moments, 
is bounded by c^(4iV)20^. 



Hence, we conclude that 



E 



< |log£|3(CAV^|loge|)^^ 

X (K-^{AN)\K-^+'^e{AN)\{AN)* 



e'{4:N)\{4Ny + e%4:N) 



20N 



where the first term on the right hand side of the inequality sign stems from the sum over 
all pairing contractions, while the second term accounts for all type III contractions. This 
proves the asserted estimate on E[||i?2(^) IP]- A more detailed exposition is given in j3j. 

The bound on E[||i?i(t)||2] follows from Lemmata POl lOl lO below. □ 
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9.1. Pairing contractions. Let us first estimate the contributions to E[||i?i(t) |p] stemming 
from pairing contractions. For simple and crossing pairings, tfie necessary bounds on terms 
corresponding to n witli N < n < 4N are precisely the same as for n < N. The discussion of 
nested pairing contractions is slightly more involved, due to the fact that particle propagators 
with different imaginary parts ±ie and ime can appear in the same simple nest. 

Lemma 9.2. Let N < n < AN, and X^e^^ < 1. The contribution to ( |i-^6| ) of the sum of 

all simple pairings is hounded by 



(150) Amp[7r] < ^ ° + ne^loge\%Ce-'X^\loge\T 

7i"Gn,i.„ simple ^ ' 



where Cq is defined in (\UB^. 

Proof. The proof is derived from the same arguments as in the proof of Lemma (7.41 Here, 

. s 1 1 
(151) i„ „ < 



isw used for all j. □ 

The remark after the proof of Lemma 17.41 concerning globality in T = A^t > also 
applies to the present situation. 

Lemma 9.3. Let N < n < AN , and let tt G n„_„, correspond to a pairing contraction that 
contains at least one crossing. Then, 

|Amp[7r]| < e^logef{CX^e-^\ \oge\)'' . 

Proof. The proof is analogous to that of Lemma f7.7[ and uses ( 115111 . □ 

Lemma 9.4. Let N < n < 4N, and let tt G n„_„/ represent a non-crossing pairing contrac- 
tion that contains at least one nested subgraph. Then, 

|Amp[7r]| <e3|loge|3(CA2e-i|loge|)" . 

Proof. In the case N < n < AN, particle resolvents with imaginary parts ie and ine in the 
denominator can appear simultaneously in the same nested pairing subgraph. If so, Amp[7r] 
contains a subintegral corresponding to a nest of the form 

Nq^^q2{a,e,K)6{pi+2q-l - Pi-l) ■= A^M dpi---dpi+2q-2S{pi-pi-l+Pi+2q-l-Pi+2q-2) 

7 (¥3)29 

5-1 

i=i 

N ^ i+2q-2 

(152) X (n^T^ — -) n — -' 

V fj: eA{pi) -a-ieJ ^^^^ eA{Pk) - a - ine 
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where for qi + q2 = Q — ^, and qi, q2 > 1, 
(153) 



^' L "^^^ (eAfe) - a - zey^+^' {e^{p,) -a- insY^^^-'^' ' 
with g' = or 1. Let us assume that g' = 0, the case g' = 1 is completely analogous. Then, 

X I dpi(- — ^-^d^'~^ [ dsie-*^^(^^(P»)-"-*") 
Jj3 V(gi-l)! 

Jr+ ) 
(154) = A^^-l^i^(A^H(«,e))^HA^S(a,«:5))'^^ 

X I dsids2(isi)'''-\iS2y' 



Using ( ITSj). the integral on the last line is bounded by 

(jqi+q2 



r (jqi 
I dsids2sf^~ sl^ 

JRl (1 + Si 



+ S2)2 



< / dsids2sf-hf— je-'^-'^ 

M (1 + Sl)2 



(155) < ^C^i+</^((g,-i)!)(g2!). 

Therefore, 

(156) |iV,,,,,(a,5,/.)|< " ^ , 

where ( ITSj) has been used. We note that in the special case gi = 0, g2 = ^7 — 1, this is 
replaced by 

(157) \N'^(^^^^)\< \ti/2 ' 

cf. { I13(J|) . For the assertion of this lemma, it is, however, not necessary to take advantage 
of the small inverse powers in n. 

For the contractions outside of the nest, we proceed as in the proof of Lemma 17.91 
(where in { I152|) . i := j + 1), and find 

(158) |Amp[7r]| < log£|^(CA loge])" . 

This proves the lemma. □ 
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9.2. Type III contractions. The estimates on type III contractions necessary for n > N 
are the same as for n < N . 

Lemma 9.5. Let N < n < 4N, and let tt G n„,^„ correspond to a type III contraction. Then, 

J2 |Amp[7r]| < ((:7A2£-i|Iog£|)"(^(n!)e + n5V) , 

7rgn„,„ type III 

where the constant C is uniform in e, X, and n. 

Proof. This is proved in the exact same way as Lemma 18.11 We remark that subfactorial 
factors n'^, 4", etc. have here been absorbed into the multiplicative constant. □ 

10. Completion of the proof 

Collecting the above, we are in the position now to prove the key estimate (I28|l. which 
concludes the proof of Lemma 13.31 Combining Lemmata 17. 4[ \7.7\ \7.9\ we find 

\l.h.s. of < CiX'^e-^ 

+ (4Ar/^)2|loge|^(CAV^|log£|)^^U(4Ar)! + £2(4Ar)20A^" 

+ e-^\\ogef{CX^e-'\\oge\Y'' 

X K-^{AN)\ + /€-^+5e(4iV)!(4Ar)4 

(159) +K-^+^e\AN)\{ANf + e'^iANY'^^ 

where some subexponential factors, such as N"^, etc., have been absorbed into the multi- 
plicative constants C in C^^ , and where the constant Ci is defined in f 1^. 
According to the assumptions of Lemma 13.31 we have 



r' = t = 5h-' 





H 






40 log 


lo 





where < 5 < 1 is given and fixed. 
Furthermore, we choose 

N{e) = 

(160) K{e) = r |log£|i2o^ _ 
One then easily verifies that 

(4iV(£))20^(^) < E--^ 

(4A^(£))! < e-To 

(161) k(£)^(^) ~ 6-^ , 
such that for instance, 

(162) e-^Kiey^'^iANie))]) < e'/^ . 

It can then be straightforwardly verified that for e sufficiently small, 

(163) \l.h.s. of < Ci6^+eK 
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This completes the proof of Lemma 13.31 

11. Linear Boltzmann equations 

We shall in this section study the Schrodinger dynamics of the random lattice model 
analyzed above, and demonstrate that its macroscopic, weak coupling limit is governed by 
the linear Boltzmann equations. Owing to the similarity of many of the arguments used here 
to those presented in ^ for the continuum case, the exposition will be very condensed. 

Let (pt £ denote the solution of the random Schrodinger equation 

(164) idt(t)t = H^(pt , 

with initial condition 0o G £^(Z^), and for a fixed realization of the random potential. We 
define its Wigner transform W^^ : (Z/2)^ x ^ M by 

(165) W^,{x,v) = 8 

y + z=2x 

where we note that x G (Z/2)'^. Fourier transformation with respect to x yields 



(166) W^A^,v)=Mv'l)Mv + l). 

where w G and ^ G (2T)3. 

Let J denote a Schwartz class function on M'^ x T'^. We introduce macroscopic time, 
space, and velocity variables (T, X, V) := {rjt, rjx, v) for <^ 1, and the rescaled, macroscopic 
Wi gner transform of (pt 

(167) Wi"^ (X, V) := v^'W^r;, (X/r/, V) , 
with X G {riLj^f, V G T^. Then, let 

(168) {jM''^) = E / dvl{x^r)w^;l^{x,v) , 

while for the Fourier transform with respect to the first argument, 

(169) (J,iy^^)) = (J,W/(f)= / didvlJ^)W^,{^,v) , 

J(2T)3xT3 

where J-q{C,,v) := r]^^J{^/r],v). 

We shall write sni2T^w G [—1, 1]'^ for the 3- vector with components sin27riyj, j = 1, 2, 3, 
where w G T^. 

Theorem 11.1. Let the scaling factor be fixed by 

(170) r] = W 

where X is the disorder strength. Let (f)[^^ = e~**^"0g'''' denote the solution of the random 
Schrodinger equation ( \164\ ) with initial condition 

(171) (j)i;'\x) = 7f'^h{r]x)e''^'^''^''' , 
where h, s are Schwartz class functions on . 

39 



Let Wp'^ denote the resettled, mttcroscopic Wigner tmnsform of Then, for ttny 



w - \imE\wi"'\X, V)] = Ft(X, V) 



T > 0, it htts the wettk limit 

where Ft{X, V) solves the linettr Boltzmttnn equtttion 

drFriX, V) + sin 27tV ■ VxFt{X, V) 



(173) 

with collision kernel 
(174) 

ttnd initittl condition 



[ dUa{U, V) [Ft{X, U) - Ft{X, V)] , 

JT3 



a{U,V) = 27r5{eA{U) - CAiV)) 



(175) 



Fo{X,V) =w- limWl^"'^ = \h{X)\''6{V - Vs(X)) 



Proof. For ( I175p , we refer to [B] - 
Let 



N 
n=0 



'n,t 1 



and 



E 



T3xT3 



d^dvJr^{^,v)W^^a^n{^,v) 



N 



(176) 
where 



/ J n,n' 
;,n'=0 

N 

J2 ^"^pj 



n,n'=0 ■n"6n„ 



U \ = E 



. ^ . ^ 

d^dvJ^{^,v) (j)n,t{v - -)4>n'A^ + 
X3xT3 ^ ^ 



Ampj [vr] denotes the value of the integral corresponding to the contraction vr G n„ , 
Lemma 11.1. Let n G n„,^„/, ttnd n := G N. T/ien, 



jjJr, 



Ampjjvrj 

ttGII^ simple 

(177) + o((CA2tlogt)"(logt)^(rk! , 

and for ttny simple pttiring it. 



;i78) 



lAmpj ^7r]|<(CA^t)^ 
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Proof. The only difference here in comparison to the L^-bounds previously considered is the 
presence of J^. We note that for the choice = ( I176|) reduces to E[||0™"*'^||^2(23)] as 
treated earlier. The necessary modifications are straightforward, and the same estimates on 
Feynman amplitudes enter as before, and as expressed in ( I177|) . For a detailed account on 
these matters, we refer to D 

Let e = J, as before. Similarly as in the proof of Lemma f7. 41 we decompose Ampj [vr], 
for TT simple, into a main part Ampj^ j^^jj^[7r], and an error part, where Ampj^ j^j^jj^[7r] is 
obtained by replacing the recollision terms e) and —e) in Ampj^ [vr] by E{eA{vo), e) 
and S(eA(fo), ~^)- We assume for vr that Ampj^[7r] contains m type II contractions, where 
we index the immediate recoUisions by (go, • • • , Qm) and (go, • • • , g-m), respectively, as in (IH^. 
Then, we have 

\2m 2et r r 

l^^j Jlxl JjSxJ-i 
(179) X / dVi---dVm(p^^\vn-h(l)i;'\vn + h 

{\^^{e^(y^),e)Y (A2S(eA(t;o), -^))^"' 



X 



n 



,=0 (eA(t^* + I) - a - ieY^^ (eA(t;i - |) - /9 + ie)^^^^ 
The error term is controlled by the following lemma. 
Lemma 11.2. Let vr G n„^„/ he a simple pairing. Then, 

Ampjjvr] = Ampj^,_[7r] + 0((CA^t)«t-^) 
(180) |Amp,„H| < 



,1/2 



Proof. The proof is analogous to the one of Lemma 17. 4[ with straightforward modifications 
to accommodate for J^. This is treated in detail for the continuum model in and we 
shall not reiterate it here. □ 

We perform the contour integral with respect to the variables a and (3, and evaluate 
the sum over n,n' & {0, . . . , A^} by first summing over all g,, g^, where i = 1, . . . ,m, for fixed 
m, and subsequently summing over the indices m. We then obtain 



N oo „ 



i,n'=0 Tsn^^^, m=0 
TT simple 



X 



/m m „ 

[ n ^'^] , [ n ^■'^] , /^3^„ ■ ■ ■ ^^^^0^"' 
j=0 j=0 •^('^ ) 



,2tA2lm[H(t)o,e)]g-iEIlo (s>eA(f»+|)+s«eAK-|)) 
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181) X . . 



where 



and 



Im[S(fo,e)] = ^[E{vo,e) -E{vo,-6)] . 

To derive the macroscopic scahng and weak disorder hmit, we introduce the new time vari- 
ables 

Sj ~\~ Sj Sj Sj 

aj := — , Oj := — , 

with ttj > and Yli"j=o — ^ ^j]- that dsjdsj = 2dajdbj, and 

SieA(t^i ^ 2 '* ~ + 2 ^ [eA(wi 2^* ~ ~ 2 

(182) + h,{e^{vi-^^e^{y,^^ 

Furthermore, we introduce macroscopic variables 

T ■=r]t = rje'^ , tj := rjaj , C := V~^^ , 
where we recall from ( I17()j) that the scaling factor and the disorder strength are related by 

(183) ri = X'^ . 

We note that \(\ < 0(1) on the support of J{C,v). 
For any finite Tj, 



- Mrnfl rf5^.e2^^^('=A('^.)-eA(^'o)+oW) ^ f[7r6{eA{vj) - eA{vo)) 



W 

and by the same arguments as in J3 , we obtain 



limE[(J„W^(,))] = rft;o---rft;„e2^i-=(^«) 



j=0 j=l 



'(2T/»?)3 

(184) X W^^ivCvn), 
where 

(185) S(t;) := limS(t;,£) . 
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X lim /" dCJ{C,vo)e^'''^^=o^jC-^-^^^^^j 



We observe that in the n-th term of the sum, the factor rj which emerges from rescahng 
Qi, has ehminated A^", due to ( I183p . Moreover, using ( I175j) . 



;i86) 



I dXJ{X, vo)Fo (x -V^ Tj sin 2TTVj , 



j=0 

Thus, for any test function J{X, V), one obtains 

(187) hm hm E[{jM±^ )] = {J, Ft) , 

where W^ain is the rescaled Wigner transform corresponding to 0"!°!^ and 

%-lT,JV ^ ' 

/n 
dr,...drj(j2^,-T] 
ii^u j=0 

X jdV,--- dV^aiV, VS) ■ ■ ■ a(V;-i, K) 

n 

X Fo(x-^r,sin27rV,-,K) , 

j=0 



with \^ = Vq. Here, 

(188) a{V, U) := 27r6{eA{V) - eA{U)) 
corresponds to the differential cross-section, while 

(189) (t{V) := j dUa{V,U) = -2Im[S(y)] . 

is the total scattering cross section. The key insight is that Ft{X,V) satisfies the linear 
Boltzmann equations ( I173|) , hence this result concludes our proof of Theorem 111.11 □ 
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I I 




Figure 1. A graph containing type I, I', II, and III contractions. 




Figure 2. A simple pairing contraction graph. 



— i dh^^^^^b— dh^^^ 6^^^ — 6^^^ a — 

Pj Pj,j ^ — — — ^ Pj.2,-1 Pj.2, 

q-1 immediate recollisions 

Figure 3. A simple nest. 
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